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1Abstract
We derive and estimate the optimal disbursement from an innitely-lived charitable trust
with an Epstein-Zin-Weil utility function, given general Markovian returns to wealth. We ana-
lyze two special cases: where spending is a power function of last period's wealth and the endow-
ment uses `payout smoothing'. Via nonlinear least squares, we estimate the optimal spending
rate and the elasticity of intertemporal substitution for a trust with a typical diversied portfolio
and for a portfolio of hedge funds. Finally, we use maximum entropy methods to characterize
the returns distribution of a trust whose spending plan conforms with the optimality condition.
JEL classication: G23; D81; D91; E21
Key words: Intertemporal choice; Elasticity of intertemporal substitution; Moving average;
Endowed institutions, foundations and charitable trusts in the U.K. include universities, schools,
research institutions, and grant-making charities. In 2012, the U.K. Charity Commission reported
over 161,000 charities, holding investments in excess of $78 billion with annual spending over
$53 billion.1 For the U.S., Standard & Poor's Money Market Directories reported over 5,000
endowments and foundations, controlling more than $946 billion in assets.2 While there are a few
studies of the U.S. and U.K. university endowment sectors, there is otherwise surprisingly little
quantitative research published in this area, and the question of how best to spend the income and
assets of an endowment remains a topic of interest and concern to trustees and regulators.3
While many aspects of endowment spending policy are captured in core models of intertem-
poral optimization, there are important idiosyncrasies that warrant separate investigation. Here
we extend existing results on optimal spending plans for innitely-lived entities by incorporating
recursive preferences, predictable returns and payout smoothing policies. Payout smoothing, or,
the use of averages of past and current wealth as the base for current expenditures, has not been
analyzed in earlier theoretical work but is a key feature of observed endowment behavior. We
present implicit analytical solutions to this problem in a general setting for returns. In particular,
we relate the payout smoothing consumption spending rule to the dynamic structure of the returns
process, resulting in an endogenously generated non-linear returns dynamics.
We apply two approaches to characterizing the consumption Euler equation for general returns
processes. First we assume lognormally distributed errors for the implied moment conditions and
estimate both the optimal disbursement rate and the elasticity of intertemporal substitution (EIS)
of a representative charity, using non-linear methods applied to historical endowment returns. At
2discount rates of 3% p.a., optimal disbursement rates of a typical U.K. charity are 2.6% of wealth
p.a. in real terms and the elasticity of intertemporal substitution is 1.3.4
Next we relax the assumption of lognormal errors and introduce maximum entropy methods
to examine how the characteristics of equilibrium returns distributions relate to the consumption
spending rule. The consumption Euler equation places constraints on serial dependence in the
returns distribution, conditional on preference parameters, so we aim to nd stationary returns
distributions consistent with these constraints. This time we x discount and disbursement rates
then numerically estimate maximum entropy returns distributions using historical data from two
representative endowment portfolios. The result is a complete characterization of stationary equi-
librium returns distributions, including an estimate of serial dependence, for a matrix of risk and
EIS parameters. For example, at risk aversion and intertemporal substitution parameter values
above one, we estimate serial correlation in monthly (fund of hedge fund) returns close to 0.3, with
good t of the maximum entropy distribution according to a Kolmogorov-Smirnov test.
We set our model up with several distinct features of charities in mind. First, since many char-
itable endowments are constrained by charter to provide funding perpetually to clients or projects
with short time horizons, we dene the problem as choosing annual spending rates over an innite
horizon. Secondly, Brown et al. (2010a) and Acharya and Dimson (2007) note that university
endowment structures often decentralize investment management. Endowment boards or invest-
ment committees make high level investment policy but day to day decisions are often delegated to
groups of fund managers or to sub-committees. As a result, asset allocation decisions are subject
to general investment objectives (and sometimes to benchmark settings) that are informed by long-
term spending requirements, but are made separately from consumption plans. Consequently, we
derive spending plans conditional on a pre-set investment allocation. Thirdly, charities and endow-
ments frequently allocate large proportions of their portfolios to alternative asset classes (Brown
et al. 2010b) and log portfolio returns are unlikely to be normally distributed, so we extend our
analysis to more general returns distributions. Fourthly, charitable trusts face volatile returns, but
make disbursements to beneciaries who often value smooth funding streams. Models of the dis-
bursement rate of charities that apply the usual time-separable expected utility functions overlook
the fact that, for these organizations, risk aversion and aversion to intertemporal substitution ap-
pear conceptually and practically distinct. Charities tolerate considerable uncertainty over returns
3while aiming for fairly smooth payments to beneciaries over time. We work with the recursive
or non-expected utility preferences proposed by Epstein and Zin (1989) and Weil (1990), which
allow a partial separation of tastes for risk and intertemporal consumption. Finally, Brown et al.
(2010a) note that endowments and charities typically employ a `payout-smoothing' model where
a percentage is applied to a multi-year moving average of past endowment values. However ex
post observed spending patterns of U.S. university endowments still deviate from this mechanical
rule, showing sensitivity to contemporaneous negative wealth shocks. Endowments that follow the
smoothing rule endogenize predictability into the returns to wealth and we model these properties.
In the next section we set out the recursive utility model and existing results for independent and
identically distributed returns (i.i.d.). Section 2 then analyzes spending rules for three increasingly
general patterns of non-i.i.d. returns and presents estimates of preference parameters for a typical
charitable trust. In section 3 the maximum entropy method is discussed and implemented. Section
4 concludes.
1 Model
Consider an entity that is innitely lived but makes annual consumption plans. Giovannini and
Weil (1989) and Weil (1990) write the discrete-time recursive utility function for such an entity,










(1   )(1   )
(1)
where  2 (0;1),  > 0 and  > 0, and where Ct is payments to worthy causes and costs.
Convexity ( > ) implies more rapidly increasing patience, and concavity ( < ), more slowly
increasing patience, as expected future utility rises. Entities which are more risk tolerant and value
smoothness ( < ) prefer late resolution of uncertainty, and entities who dislike risk but tolerate
larger swings in certainty equivalent utility ( > ), prefer early resolution. Under the special
case where  = , the utility function represents the preferences of an individual with constant
relative risk-aversion (CRRA). In the CRRA case, the discount parameter  is a direct measure of
4impatience as the inverse of (one plus) the rate of time preference whereas in the recursive utility
case time preference is a more complex function of model parameters, including .
Another way to view the parameters of the model is to recognize that the coecient of relative
risk aversion for timeless gambles is  and the constant elasticity of intertemporal substitution
for deterministic consumption paths is 1
. If either parameter approaches unity, then preferences
become logarithmic in that dimension, resulting in logarithmic risk preferences when  ! 1 and
logarithmic intertemporal substitution preferences when  ! 1. Under the special (CRRA) case
where  = , the inverse of the risk aversion parameter is the elasticity of intertemporal substitution.
1.1 Wealth
Setting aside questions of portfolio allocation, and assuming that no donation income is received,
the budget constraint of the charitable endowment is
wt+1 = (wt   ct)Zt (2)
where wt is wealth at time t and Zt is the random growth in investments from t to t + 1. If
ct = A(Zt 1)wt, where A(Zt 1) is a general expression for the optimal spending rule as a function
of all past realizations of Z (not only the current realization Zt 1), then equation (2) is
wt+1 = [1   A(Zt 1)]wtZt: (3)




[1   A(Zi)] (4)
where Yt 1 is the accumulated value of one unit of wealth invested at t = 0 and held until time t,
which we assume is random and non-negative but otherwise unrestricted.
However, if Zi is a positive, independent and identically distributed (i.i.d.) random variable,
and Z1 
i is a well dened random variable such that E(Z1 
i ) =  exists for 0 <  < 1, it follows
that E(Y 1 
t 1 ) = t for all integer t > 0. Further, in this special case, Giovannini and Weil (1989)
5and Weil (1990) derive a constant proportional spending rule where:







While returns to endowment portfolios may be i.i.d., several features of endowment investment
practice and spending patterns weigh against this simplication. First, many endowments allocate
substantial fractions of capital to alternative asset classes such as hedge funds, private equity and
infrastructure (Brown et al. 2010b) which exhibit correlated returns (Getmansky et al. 2004).
Secondly, the multi-period average spending policy itself will generate correlation in the returns to
wealth since past wealth levels will predict future wealth levels.
In what follows we assume an asset allocation decided by computation or committee, that may or
may not be optimal, and calculate the the conditionally optimal disbursement rate for increasingly
more general cases that are of practical interest to endowment managers. First, we specify a power
rule where the disbursement rate is a constant scaling of a power function of current (not necessarily
i.i.d.) investment returns then analyze the case where the spending rate is a constant scaling of
a moving average of wealth, re
ecting the multi-period smoothing practices of many endowments,
and third where returns to wealth follow general Markovian processes. 5
2 Spending rules for general wealth processes


















5 = 1 (5)
Recall that A(Zt 1) is an optimal spending rule that is a general function of past and current
realizations of wealth, so that











To simplify notation, dene  = 1 
















Under i.i.d. returns, Giovaninni and Weil (1989) show that spending plans depend on  rather
than , a result we generalize in the following proposition for the Euler equation (8). We label the
rule in (8) as the `smoothing-consistent dynamic process' and we dene Vt as a stochastic process
where Et(V 
t jZt 1) = 1. This can be viewed as some standardization of Zt that sets  to zero.)
Proposition 1 Assuming that equations (5) and (6) are satised and that Vt is as dened above,
the smoothing-consistent dynamic process has dynamics that do not depend upon risk aversion ,
but do depend upon the elasticity of intertemporal substitution 1=.
Proof. Equation (8) can be written as
Etf[A(Zt)] Z
(1 )









t =  1[A(Zt 1)] ][1   A(Zt 1)]Vt:
7Since 1= is the crucial parameter in this case, as for the i.i.d. case, we focus below on its
estimation and that of the spending rate rather than other preference features such as risk aversion.
2.1 Power spending rule
We now explore two important special cases of (8) with the aim of deriving expressions that allow
estimation. If we restrict A(Zt) to a power form where, A(Zt) = AZb
















Using (9) and assuming a multiplicative error process for Zt such that Et(V
(1 (b+1))
t jZt 1) = 1,






























  D1blogZt 1 + logVt: (12)
allowing for estimation of d, D1 =

1 (b+1), A and b and the parameters of error process Vt. In this
way, by unpacking the expectation in equation (9), we arrive at a dynamic non-linear time series
process, equation (10), consistent with the spending rule in equation (6).
The original parameters can then be recovered using the relationships:
 =
D1





1 + D1(b + 1)
(14)
If we assume that 0 < b < 1 and impose the constraint jD1bj < 1 then this leads to the following
8requirements:
d > 0 (15)
D1 > 0 (16)
which ensure that 0 <  < 1 and  > 0 respectively. In addition, to ensure that the whole of wealth
is not consumed in a single period, we need
AZb
t 1 < 1 8t: (17)
Since Zt is a gross portfolio return, this will `usually' be easily satised if 0 < b < 1 and the
consumption proportion is plausible percentage of total wealth (such as A  0:03=12 for monthly
data), except in the case of an improbably large investment return. 6
2.2 Non-Markovian spending rule from smoothed endowment value: a `real-
world' example
We now look into the case where the endowment consumes a xed proportion of wealth averaged
over the past 36 months. Brown, et al. (2010a, p.4) note that `...the vast majority of [endowment
spending] policies use a multi-year, moving average of past endowment values as the basis to which
the payout percentage applies'. Since the returns data used for estimation below are monthly, we










































































5 =  : (21)
If we again assume a multiplicative error for Zt 1, such that Et(V
 
m +(1 )




























































































log + logVt (24)
If there is no averaging (m = 1) then (24) simplies to (12) in the special case of b = 1.
2.3 Existence of a stationary spending rule under Markovian returns
Analytical results so far have not relied on strict restrictions on the returns process. However if
log returns are Markovian, the process can be expressed as (logZt) =  (logZt 1) + log"t, and
log"t  i:i:d:(0;2), is independent of logZt 1. For the case of multiple lags, such as the MA(36),
log returns can be expressed as a vector Markovian process. (See Anderson (1971), p177.)
For the special case analogous to the power spending rule in (12) where log Zt =  (logZt 1) +
log"t, we can write h() for the stationary pdf of y = logZt and g() for the pdf of the error term




h(x)g[y +  (x)]dx: (25)
Conditions for the existence of such an h() given g() are discussed in Tong (1983, chapter
4). Verication and analytical calculation of these existence conditions are beyond the scope of
this paper but in section 3 below we estimate stationary distributions for the equilibrium spending
rule.7
2.4 Empirical results
We use two series of investment returns to illustrate the empirical implications.8 First, we simulate
returns to the pre-existing portfolio structure of an independent UK biomedical research-funding
charity, the Wellcome Trust (Wellcome 2005).9 Monthly (log) real portfolio returns run from
January 1990 to July 2010, (247 observations) where individual asset class returns are taken from
standard indexes, and de
ated using consumer prices and earnings data. Second, we take monthly
(log) real net-of-fees returns to the Hedge Fund Research Composite Index, de
ated using the same
method. (Appendix details all data sources and calculations.) Summary statistics in Table 1 show
that both series are negatively skewed and leptokurtic with signicant serial correlation.
Table 1: Summary Statistics: portfolio returns, January 1990 - July 2010
Meana Volatility Skewness Kurtosis AR(1)
4.05% 13.30% -0.73 3.92 0.136b
7.90% 7.16% -0.79 5.651 0.274c
a Annualized monthly returns
bp < 0:05
cp < 0:01
Table 2 shows results of non-linear least squares estimation of equation (24) where  is xed at
0.9975 (3% annual discount rate), m = 36 and  is constrained to be less than two. We estimate
a consumption rate is 0.2% per month, or 2.6% p.a. The estimates are by non-linear least squares
using a Gauss-Newton method with starting points determined by grid search. Standard errors are
11computed by linear approximation, as the expectation of the inverse of the outer product of the
gradient vector of the likelihood function.
Table 2: Estimated disbursement rate and inverse elasticity of intertempo-
ral substitution
Parametera Estimate Std Error t-value p-value
 0.744 0.142 5.251 0.000
a 0.0022 0.0009 2.508 0.013
a = 0:9975; Residual standard error = 0.0381, 209 d.f.
3 Determining the Returns Distribution by Maximum Entropy
Our derivation of smoothing-consistent dynamic processes in Section 2 takes an Euler equation as
its point of departure. This Euler equation places restrictions on the moments of the returns process
Zt but is silent as to the exact form of the stationary distribution of returns or the associated error
process. Nevertheless we have also shown that further moment conditions can be imposed (e.g.
E[V 
t jZt 1]=1) so that estimation and inference can be carried out under plausible distributional
assumptions, in our case, normality in the log error process.
The functional forms of the spending rules which we have considered so far have been relatively
simple and hence a fairly straightforward manipulation such as the log transform has been enough
to obtain an estimable equation. However we have drawn attention to the need to ensure the
boundedness of the spending rule, that is, 0 < A(Zt) < 1, which introduces a potentially awkward
non-linearity. Loosely speaking, our problem has three `unknowns': (a) a spending rule (which must
be bounded), (b) a returns process (which we might wish to be ergodic/stationary), (c) an error
distribution. We can place various restrictions on any two of these and estimate the parameters of
the third and in the foregoing sections we have predominantly focused on (a) and (b).
We discuss next an alternative approach where we focus instead on the bivariate nite-dimensional
distribution of (Zt 1;Zt) as an alternative to examining (b) and (c) separately. Although we will
not explicitly derive the structure of the returns process, it is well known that the Kolmogorov
existence theorem provides consistency conditions under which a family of nite-dimensional dis-
12tributions denes a stochastic process (see, for instance, Billingsley (1995)) and our approach in
this section could be extended with that purpose in mind.
For the purposes of exposition we focus here on a spending rule which depends only on current
period returns, however it is straightforward to extend our treatment to cases involving smoothing.








and apply the law of iterated expectations to obtain a bivariate moment condition in terms of the











We will now determine a probability distribution of (Zt 1;Zt) consistent with this moment condition
along with any other constraints which may be relevant such as unconditional means and variance of
returns. There is an extensive treatment of this moment problem in mathematics (see, for example,
Akhiezer 1965; Ang et al. 2002) which, from a theoretical perspective, deals with questions such as
existence and uniqueness of distributions given a sequence of moments. This is complemented by
a broad empirical literature which oers various alternative methods of distribution construction
based on such techniques as Pad e approximations and expansion in orthogonal polynomials. How-
ever a popular approach which has become common across many scientic elds is the method of
maximum entropy, originally proposed by Jaynes (1957).10 For a continuously-distributed random
vector Z, the fundamental method is to nd the probability density p(Z) which maximizes the
quantity (entropy)  
R
R p(Z)logp(Z)d subject to the constraints that various moments of interest
must equal their required values, where R represents the support of the distribution.
For our example, we choose to use ve moment conditions (in addition to the obvious condition
that the density must integrate to unity). These are: two mean conditions (we require that the mean
of Zt 1 and Zt both equal our sample means), two variance conditions (expressed as constraints
on Z2
t 1 and Z2
t ; again we require that variances equal the sample variance) and nally the Euler
condition (8) above. A particularly appealing aspect of this approach is that we can explicitly











where Z  (Zt 1;Zt), i is the Lagrange multiplier associated with the i'th


















Given the functions above it is clear (from inspection of the functional form of this density) that
we may well obtain a density which somewhat resembles the bivariate normal, but instead of a
conventional covariance term (in the product Zt 1Zt) we have a more complex characterization of
dependency via the term in f(5)(Zt 1;Zt).11 We note also that the moment condition which we
applied to the multiplicative error term in section 2.2 relates specially to the particular formulation
of the Zt process which we outlined in that section, and hence we do not deal with that condition
here since we approach the estimation problem from a dierent perspective as previously discussed.
Unfortunately the analytical simplicity of this result is counterbalanced by some numerical
diculties which are involved in obtaining the values of i. Various early algorithms were proposed
by Johnson (1979) and Agmon et al. (1979) among others, and Zellner and Higheld (1988)
presented a numerical methodology which they applied to an example of a distribution with four
moments, the Cobb-Koppstein-Chen (1983) family. However in some circumstances it can be
challenging to achieve convergence by the Newton-based methods typically used in this literature
and Ormoneit and White (1999) subsequently proposed improvements to the basic algorithm to
ensure convergence; further recent advances have been presented by Rockinger and Jondeau (2002),
Wu (2003) (a sequential updating method) and Chen, Hu and Zhu (2010) (a hybrid method of linear
14Figure 1: Relationship between  and  implied by applying method-of-moments to sample returns
data, assuming c = 0:0022 and  = 0:9975. (Solid line is the charity portfolio, dashed line is the
hedge-fund index.)












equations and Newton iterations).
Clearly the particular values of i will depend on our model parameters (;c;;). We are
therefore faced with an identication challenge since these four parameters all feature together in
only one moment condition (f(5)). To address this we rst x  = 0:9975 and c = 0:0022 (inspired
by the results of empirical analysis in Section 2.4, although our analysis here is entirely separate),
then to investigate plausible values of (;) we apply the conventional method-of-moments to the
sample data and in Figure 1 we plot (;) pairs which are consistent with the data, assuming a
limited range of  values.12
In Figures 2 and 3 we present our numerically-obtained maximum entropy densities for (Zt 1;Zt)
for various example parameter combinations for the hedge fund and charity datasets respectively.
We have xed  at various levels and used values of  close to those suggested by the method-of-
moments (as illustrated in Figure 1) and we emphasize that these (;) values have been chosen
for illustrative purposes and have not been determined by an optimization process.13 In each case
we also provide the Pearson correlation coecient calculated for that particular distribution.14
It is apparent that the relationship between (;) and correlation is non-obvious, in other
words, over the range of risk aversion which we have chosen it tends to be the case that increasing
 is associated with increasingly positive correlation in returns, however more general quantitative
insights are hard to come by, especially if parameter values are examined over a larger range.
Nevertheless an important strength of our maximum entropy approach is that it does enable us to
15translate the relatively opaque Euler condition f(5) into a correlation value in this fashion, which
provides a basis for further analysis on more familiar ground. Evidently our examples include
several plausible parameter combinations which would be consistent with trending in returns, as
well as combinations associated with negative rst-order autocorrelation.
We now investigate how well our maximum entropy distributions t our sample datasets. In
principle we could proceed to estimate parameters by maximum-likelihood, subject to imposing
identication restrictions, but since the maximum entropy density is not parameterized directly in
terms of the economic parameters (such as ) this would require that the entire process of density
determination be repeated with each iteration of the maximum likelihood procedure, with fresh
values of i being solved each time, dependent on model parameters at that particular step. Fur-
thermore we would need to establish an expression for the joint density of all sample observations,
not just the pair (Zt;Zt+1). Since that eort is largely of numerical interest (and beyond the scope
of this paper) we have not pursued it and we instead take a goodness-of-t approach. Our method
is to compute Kolmogorov-Smirnov (KS) statistics and accompanying p-values which relate to two-
dimensional goodness-of-t tests between our example densities and the sample datasets. This is
calculated according to the method of Fasano and Franceschini (1987) using the algorithm of Press
et al. (2007).15 Our KS results are incorporated into the captions in Figures 2 and 3 and clearly
there are several (;c;;) combinations where we are unable to reject the hypothesis that returns
were generated by our entropy-maximizing distributions.16
Hence the results which we have presented prove by construction that a stationary distribution
for Zt can exist which is consistent with recursive utility and serially-correlated returns, as well as a
particular form of consumption rule. Having determined such a distribution, our earlier stochastic
dominance results have immediate applicability. Furthermore the maximum entropy method of
distribution construction is a useful way of shedding light on the correlation induced in equilibrium
by a particular spending rule and prole of structural parameters.
16Figure 2: Maximum entropy densities of hedge fund returns (Zt 1;Zt) for various (;) combinations;  =





















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































)Figure 3: Maximum entropy densities of charity portfolio (Zt 1;Zt) for various (;) combinations;  =



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































We address the problem of choosing an optimal disbursement rate from a charitable trust or endow-
ment with EZW preferences. Since endowments invest in a diverse range of asset classes, and also
commonly use a multiperiod average spending rule, the problem requires a solution that allows for
a general returns process, not necessarily log-normal, and that accommodates the inherent serial
correlation induced by spending rules based on averaged wealth. Our analysis addresses both of
these complications, deriving an implicit and general power spending rule from Euler equations.
Consistent with existing results for an i.i.d. wealth process, spending plans depend on the size of the
EIS rather than the risk preference parameter. Further, using non-linear methods and data from
a representative endowment portfolio, we estimate values for the ideal disbursement rate and the
elasticity of intertemporal substitution, which is a key parameter in spending rules under recursive
preferences.
The Euler equation governing optimal spending plans implies constraints over the equilibrium
returns distribution that we analyze using maximum entropy methods. Estimation using two rep-
resentative datasets demonstrates the existence of stationary distributions consistent with recursive
utility and serially correlated returns for the specic consumption rules derived here. While we have
considered the plans of innitely-lived endowments, these results can be applied to other problems
in recursive utility maximization with serially correlated state variable dynamics.
19Notes
1http://www.charity-commission.gov.uk/showcharity/registerofcharities/registerhomepage.aspx, accessed
on January 16, 2012.
2http://www.mmdwebaccess.com/SPContent/Endowment accessed on January 16, 2012.
3Discussion of optimal spending and investment plans for university endowments originates with Tobin (1974),
Litvack, Malkiel and Quandt (1974), Nichols (1974), but also features in Merton (1990) and more recently in Dy-
bvig (1999), Woglom (2003) and Merton (2003). Empirical studies of the structure and investment performance of
endowments include Brown (1999), Lerner, Schoar and Wong (2005), Dimmock (2007), Acharya and Dimson (2007);
Brown et al. (2010a) and Brown et al (2010b).
4In practice, some charities may be restricted by regulation to minimum disbursement quotas (rates of spending
out of accumulated wealth) that could reduce the welfare of the trust. The Canada Revenue Agency, for example,
currently requires that 3.5% of value of property owned by a charity (averaged over the two years prior to the current
scal year) but not used directly in activities or administration, be disbursed each year. Our analysis suggests that
for some preference patterns and empirical settings, such regulations may be a binding constraint which reduces the
welfare of the charitable trust. We thank Mr Vincent Taubman of TD Asset Management for advice on this issue.
See http://www.cra-arc.gc.ca/E/pub/tg/t4033-1/t4033-1-10e.pdf
5Bhamra and Uppal (2006) set out the implicit portfolio optimality condition, and explicit optimal portfolio
weights under a two-state process for the risky asset.
6Alternatively, the range of log(Vt) could be constrained.
7Tong demonstrates such a calculation in exercise 4.7, p140
8The general conditions for consistent estimation of the parameters of Euler equations such as (5) are discussed in
Hansen (1982), Eichenbaum, Hansen and Singleton (1987) and Singleton (1988) among others, requiring stationarity
of the ratios of random variables (such as current and future consumption) while the random variables themselves
may exhibit stochastic trends.
9The Wellcome Trust Annual Report states their principal investment objective as `total return in in
ation-
adjusted terms over the long term in order to provide for real increases in annual expenditure while preserving at
least the Trust's capital base in real terms'. This matches up with the investment objectives of the majority of
Oxbridge College endowments. Acharya and Dimson (2007) report that more than 60% of endowments in this group
choose `Maximize long-term total return at an acceptable level of risk' or `Long-term preservation of capital with a
reasonable and predictable level of income' as their main objective.
10Loosely speaking this amounts to solving for the distribution which can be realized in the maximum number of
ways (in terms of possible elemental outcomes) while being consistent with the moment conditions. This `maximum
entropy' distribution is often informally described as being the `smoothest' choice, or the choice which makes the
minimal assumptions necessary to achieve compliance with the moment conditions. Cover and Thomas (2006) provide
a thorough explanation of the approach and Joe (1997) demonstrates its relevance in the multivariate context. A
particular strand of literature discusses its appropriateness for various problems and Shore and Johnson (1980) provide
20a thorough axiomatic justication of its correctness. Other appearances of similar methods in econometrics include
Golan, Judge and Miller (1996) and the Bayesian Method of Moments (BMOM) of Zellner (1997).
11In fact f
(5)(Zt 1;Zt) can be written as a Taylor series around Zt 1 = Zt = 1 and the coecient of Zt 1Zt
examined to give an approximate sense of the covariance implications of various parameter combinations.
12Since f
(5) is highly non-linear these pairs were solved by a numerical root-nding algorithm using a minpack
subroutine via Gnu Octave.
13For numerical convenience we have computed distributions which are truncated such that the support is the
interval (0:7;1:3) which is equivalent to at least 5 standard deviations either side of the sample mean; for many
practical purposes, therefore, this is a very close approximation to an untruncated distribution.
14For actual computation we have used a slightly modied version of the algorithm proposed by Ormoneit and
White (1999). Various subroutines from lapack and the Gnu Scientic Library (gsl) were used in C++ code.
15Wolfowitz (1953) presented a theory of parameter estimation based on such a minimum-distance method, in which
parameters should be adjusted until an optimal p-value is obtained and we note that it would be straightforward to
carry-out such an optimisation process here. Although unusual in econometrics we have found several recent examples
of similar approaches in the broader statistical literature: Kanungo and Zheng (2004) (noisy pattern recognition),
Voss et al. (2004) (cognitive science) and Weber (2006). Consistency properties of such estimators are considered by
Gyor et al. (1996).
16Caution is required when interpreting KS statistics involving dependent data since the test assumes independence.
Chicheportiche and Bouchaud (2011) analyze this problem and demonstrate how correct p-values can be computed
by Monte-Carlo methods. We have not followed their specic approach here, but the results which they present lead
us to believe that our p-values would be increased if we were to do so.
Funding.Thorp acknowledges Australian Research Council Discovery Grant 0877219. The Chair of Finance and
Superannuation, UTS, receives support from the Sydney Financial Forum (through Colonial First State Global Asset
Management), the NSW Government, the Association of Superannuation Funds of Australia (ASFA), the Industry
Superannuation Network (ISN), and the Paul Woolley Centre for the Study of Capital Market Dysfunctionality, UTS.
Acknowledgements. Earlier versions of this work were presented at the Econometric Society Australasian
Meeting, Brisbane, July, 2007 and the Symposium on Endowment Management, European Finance Association
Meetings, Athens, August 2008. Comments of participants in these occasions are gratefully acknowledged.
21References
Acharya, S., and E. Dimson. 2007. Endowment Asset Management. Oxford: Oxford University
Press.
Agmon, N., Y. Alhassid and R.D. Levine. 1979. An Algorithm for Finding the Distribution of
Maximal Entropy. Journal of Computational Physics. 30: 250-258.
Akhiezer, N.I. 1965. The Classical Moment Problem and some Related Questions in Analysis. Ed-
inburgh: Oliver and Boyd.
Anderson, T.W. 1971. The Statistical Analysis of Time Series. New York: John Wiley and Sons.
Ang, D.D., R. Goren
o, V.K. Le, and D.D. Trong. 2002. Moment Theory and Some Inverse Prob-
lems in Potential Theory and Heat Conduction. Tokyo: Springer.
Bhamra, H.S., and R. Uppal. 2006. The Eect of Risk Aversion and Intertemporal Substitution on
Dynamic Consumption and Portfolio Rules with Recursive Utility. Journal of Economic Dynamics
and Control. 30: 967-999.
Billingsley, P. 1995. Probability and Measure New York: Wiley Interscience.
Brown, J., S.G. Dimmock, J-K. Kang, and S. Weisbenner. 2010a. "Why I Lost my Secretary: The
Eect of Endowment Shocks on University Operations." NBER Working Paper 15861, National
Bureau of Economice Research, Cambridge, M.A.
Brown, K.C., L. Garlappi and C. Tiu. 2010b. Asset Allocation and Portfolio Performance of Uni-
versity Endowment Eunds. Journal of Financial Markets 13: 268-294.
Brown, W.O. 1999. University Endowments: Investment Strategies and Performance. Financial
Practice and Education. Fall/Winter: 61-69.
Completing the Registered Charities Information Return. http://www.cra-arc.gc.ca/E/pub/tg/
t4033-1/t4033-1-10e.pdf
Chen, B., J. Hu and Y. Zhu. 2010. Computing Maximum Entropy Densities: A Hybrid Approach.
Signal Processing: An International Journal. 4(2).
Chicheportiche, R., and J-P. Bouchaud. 2011. Goodness-of-t Tests with Dependent Observations.
Journal of Statistical Mechanics: Theory and Experiment. http://stacks.iop.org/JSTAT/2011/
P09003
Cobb. L, P. Koppstein and N.H. Chen. 1983. Estimation and Moment Recursion Relations for Mul-
timodal Distributions of the Exponential Family. Journal of the American Statistical Association
78: 124-130.
Cover, T.M., and J.A. Thomas. 2006. Elements of Information Theory. Second Edition, New York:
John Wiley & Sons.
Dimmock, S.G. 2007. "Portfolio choice, background risk and university endowment funds." Working
Paper, Department of Finance, Michigan State University.
Dybvig, P.H. 1999. Using Asset Allocation to Protect Spending. Financial Analysts Journal 55:
49-60.
22Eichenbaum, M.S., L.P. Hansen, and K.J. Singleton. 1988. A Time Series Analysis of Represen-
tative Agent Models of Consumption and Leisure Choice under Uncertainty. Quarterly Journal of
Economics 103: 51-78.
Epstein, L.G., and S.E. Zin. 1989. Substitution, Risk Aversion and the Temporal Behavior of
Consumption and Asset Returns: a Theoretical Framework. Econometrica 57: 937-969.
Fasano, G. and A. Franceschini. 1987. A Multidimensional Version of the Kolmogorov-Smirnov
test. Royal Astronomical Society, Monthly Notices 225, March: 155-170.
Getmansky, M., , A. Lo and I. Makarov. 2004. An Econometric Model of Serial Correlation and
Illiquidity in Hedge Fund Returns.Journal of Financial Economics 74: 529-610.
Giovannini, A., and P. Weil. 1989. "Risk Aversion and Intertemporal Substitution in the Capi-
tal Asset Pricing Model." NBER Working Paper w2824, National Bureau of Economic Research,
Cambridge MA.
Golan, A., G. Judge and D. Miller. 1996. Maximum Entropy Econometrics. New York: John Wiley
& Sons.
Gyor L., I. Vajda and E. van der Meulen. 1996. Minimum Kolmogorov Distance Estimates of
Parameters and Parametrized Distributions. Metrika 43: 237-255.
Hansen, L.P. 1982. Large sample Properties of Generalized Method of Moment Estimators. Econo-
metrica 50: 1029-1024.
Jaynes, E.T. 1957. Information Theory and Statistical Mechanics. The Physical Review 106: 620-
630.
Joe, J. 1997. Multivariate Models and Dependence Concepts. London: Chapman and Hall.
Johnson, R.W. 1979. Determining Probability Distributions by Maximum Entropy and Minimum
Cross-entropy. Proceedings of the International Conference on APL: part 1. ACM SIGAPL APL
Quote Quad - Part 1. Vol. 9, Issue 4.
Kanungo, T. and Q. Zheng. 2004. Estimating Degradation Model Parameters Using Neighborhood
Pattern Distributions: An Optimization Approach. IEEE Transactions on Pattern Analysis and
Machine Intelligence 26: 520-524.
Lerner, J., A. Schoar and W. Wong. 2007. Smart Institutions, Foolish Choices? The Limited
Partner Performance Puzzle. Journal of Finance 62: 597-628.
Litvack, J.M., B.G. Malkiel and R.E. Quandt. 1974. A Plan for the Denition of Endowment
Income. American Economic Review 64: 433-437.
Levy, H. 1982. Stochastic Ddominance Rules for Truncated Normal Distributions: A Note. Journal
of Finance 37: 1299-1303.
Merton, R. C. 1990. Continuous Time Finance. Malden: Blackwell Publishing.
Merton, R. C. 2003. Thoughts on the Future: Theory and Practice in Investment Management.
Financial Analysts Journal 59: 17-23.
23Nichols, D.A. 1974. The Investment Income Formula of the American Economic Association. Amer-
ican Economic Review 64: 420-426.
Ormoneit, D., and H. White. 1999. An Ecient Algorithm to Compute Maximum Entropy Densi-
ties. Econometric Reviews 18: 127-140.
Press, W.H., S.A. Teukolsky, W.T. Vetterling and B.P. Flannery. 2007. Numerical Recipes 3rd
Edition: The Art of Scientic Computing. Cambridge: Cambridge Universty Press.
Rockinger, M., and E. Jondeau, E. 2002. Entropy Densities: With an Application to Autoregressive
Conditional Skewness and Kurtosis. Journal of Econometrics 106: 119-142.
Shore, J.E., and R.W. Johnson. 1980. Axiomatic Derivation of the Principle of Maximum Entropy
and the Principle of Minimum Cross-Entropy. IEEE Transactions on Information Theory Vol. IT-
26, No. 1, January.
Singleton, K.J. 1988. Econometric Issues in the Analysis of Business Cycle Models. Journal of
Monetary Economics 21: 361-386.
Tobin, J. 1974. What is Permanent Endowment Income? American Economic Review 64: 427-432.
Tong, H. 1983. Threshold Models in Nonlinear Time-series Anaysis. New York: Springer Verlag.
Voss, A., K. Rothermund and J. Voss. 2004. Interpreting the Parameters of the Diusion Model:
An Empirical Validation. Memory and Cognition 32: 1206-1220.
Weber, M., L. Leemis and R. Kincaid. 2006. Minimum KolmogorovSmirnov Test Statistic Param-
eter Estimates. Journal of Statistical Computation and Simulation 76: 195206.
Weil, P. 1990. Nonexpected Utility in Macroeconomics. Quarterly Journal of Economics 105: 29-42.
Wu, X. 2003. Calculation of Maximum Entropy Densities with Application to Income Distribution.
Journal of Econometrics 115: 347-354.
Wolfowitz, J. 1953. Estimation by the Minimum Distance Method. Annals of the Institute of Sta-
tistical Mathematics 5: 9-23.
Zellner, A. 1997. The Bayesian Method of Moments (BMOM): Theory and Applications. Advances
in Econometrics 12: 85-105.
Zellner, A. and R.A. Higheld. 1988. Calculation of Maximum Entropy Distributions and Approx-
imation of Marginal Posterior Distributions. Journal of Econometrics 37: 195-209.
24Data Appendix
Wellcome Trust portfolio proxy returns data are monthly from January 1990 to July 2010. Total
portfolio return is the log change of the weighted sum of monthly returns to each index and the
cash rate less the log change in the in













series are from DataStream apart from the Cash rate which is from the Bank of England database.
Table 3: Portfolio weights and sources
Asset Class Data Mnemonic/Source Weight
1 UK Equity FTSE All Share FTALLSH(RI) 32.2%
2 Global Equity MSCI World ex UK MSWFUK$(RI)~U$, 32.0%
to BPN using BBGBPSP(ER)
3 Overseas Equity MSCI Emerging Markets MSEMKF$(RI) ~U$, 5.0%
to BPN using BBGBPSP(ER)
4 UK Gilts BOFA MLUK10(RI)~$ 2.8%
5 Property IPD UKIPDRI.F 7.5%
6 Hedge Funds CSFB/Tremont Hedge Fund CSTHEDG~$ 3.6%
7 Private Equity UK Trusts Priv. Equity ITVCAPT(RI)~$ 11.5%
8 Cash 3-month CD rate Bank of England 5.4%
9 In
ation Average of CPI and Earnings CPI: UKCPHARMF
Wages: UKWAGES.E
Hedge fund data are the log of monthly net-of-fee returns to the Hedge Fund Research (HFR)
equally-weighted Composite Index (HFRI), de
ated using the same method as the Wellcome Trust
data, January 1990-July 2010. In December 2009, the HFR index was constructed from 2,481 single
manager funds, of which 1,930 are classied as active funds and 551 as 'graveyard' funds (funds
that have gone out of business between January 1994 and December 2009 but whose track record
remains in the database).
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